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Abstract 

The translation invariant model in qnantum field theory is considered by 
functional integrations. Ultraviolet renormalization of the translation invari¬ 
ant Nelson model with a fixed total momentum is proven by functional inte¬ 
grations. As a corollary it can be shown that the Nelson Hamiltonian with 
zero total momentum has a ground state for arbitrary values of coupling con¬ 
stants in two dimension. Furthermore the ultraviolet renormalization of the 
polaron model is also studied. 


1 Introduction 

1.1 The Nelson model with a fixed total momentum 

In this paper we consider an ultraviolet (UV) renormalization of the Nelson model 
H{P) with a fixed total momentum P G by functional integrations. 

The Nelson model describes an interaction system between a scalar bose field 
and particles governed by a Schrodinger operator. The interaction is linear in a field 
operator and the model is one of a prototype of interaction models in quantum field 
theory. The Nelson Hamiltonian can be realized as a self-adjoint operator P on a 
Hilbert space and the spectrum of H has been studied so far from several point of 
view. See Appendix B for the Nelson model. In the case where external potential 
is dropped in P, the Hamiltonian turns to be translation invariant, and it can be 
realized as the family of self-adjoint operators P(P) indexed by the so-called total 
momentum P G M^. The spectrum of H{P) is studied for every P G and the 
difference of spectral property of H{P) from every P is interesting. 
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Before giving the definition of H{P), we prepare tools used in this paper. The 
boson Fock space ^ over is dehned by 

OO 

= ©Ki'(K’)l. (1.1) 

n=0 

Here describes n fold symmetric tensor product of with = 

C. Let a*{f) and a{f), f G be the creation operator and the annihilation 

operator, respectively, in which satisfy canonical commutation relations: 

[a(/),a*(^)] = (Lg), Hf),a{9)] = 0 = [a*{f),a*{g)]. 

Note that Here (/,(?) denotes the scalar product on and it is linear in g and 

anti-linear in /. We also note that / cb*{f) and / i—)■ a(/) are linear. Denote the 
dispersion relation by u:{k) = \k\ . Then the free held Hamiltonian of ^ is then 
dehned by the second quantization of cu, i.e., iff = (ir(a;), and the held momentum 
operator Pf by = dT{k^) and we set Pf = (Pfi, Pf 2 , Pfs)- They satisfy 

The held operator cj) = (j){g) on which UV cutoh g is imposed is dehned by 



Here g denotes the Fourier transform of a cutoh function g satisfying g/\JZj G 
and g{k) = g{—k). 

Definition 1.1 (Translation invariant Nelson Hamiltonian) H{P) is a linear oper¬ 
ator on and is defined by 

H{P) = ^{P-Pifi + Hf + gfi, PeRfi (1.4) 

Before going to discussion on H{P) we have to mention the self-adjointness of H{P). 
We decompose H{P) as Hq + HfiP) to show the self-adjointness, where 

Po = + H,, 

Pi(P) = i|P|2-P.Pf + ^0. 

Under the assumptions 

p/V^ G L^{R^), g/uj G L^{R^), = g{-k) (1.5) 
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we see that \\(j)F\\ < (l/\/2)(2||^/a;||+ ||^/Y/a;||||F||) follows for F G D{F[{) 
and (j) is symmetric. Then the interaction Hi{P) is well dehned, symmetric and it is 
inhnitesimally i^o-bounded, i.e., for arbitrary e > 0, there exists a > 0 such that 

\\Him < +be\m 

for all $ G D{Hq). Thus by the Kato-Rellich theorem H{P) is self-adjoint on D{Hq) 
for every P G Throughout this paper we assume condition (1.5). 

The purpose of this paper is to show UV renormalization (=the point charge 
limit) of H{P). It is remarked that the point charge limit, ^ 11, of H{P) can be 

actually achieved in a similar manner to [Nel64a] by functional analysis. While the 
purpose of this paper is to prove the point charge limit by functional integrations. 
Machinery used in this paper is similar to [GHL13], where it plays an important 
role that is positivity improving. Semi-group is, however, not positivity 

improving for P ^ 0. Despite this fact we can achieve UV renormalization by using 
a diamagnetic inequality derived from functional integration. 

This paper is organized as follows. In Section 2 we show UV renormalization. 
Section 3 is devoted to showing the existence of a renormalized ground state. In 
Section 4 we consider the polaron model. In Appendix we briefly introduce euclidean 
quantum held theory and the Nelson model. 


2 Renormalization 

2.1 UV renormalization and main result 

Let A > 0 be an infrared cutoff parameter and we hx it throughout. Consider the 
cutoff function 

g,ik) = e-^"^l'/2]l|q>A, £ > 0 (2.1) 

and dehne the regularized Hamiltonian by 


He{P) ~ 2^^ ~ + Hf + g(j)^, £ > 0, 


( 2 , 2 ) 


where cf)^ is dehned by cf) with g replaced by g^. Here e > 0 is regarded as the UV 
cutoh parameter. We investigate the limit of H^{P) as £ j, 0. Precisely we can show 
the existence of a self-adjoint operator Hj.q^{P) such that 


-T{He{P)-Ee) 


e 


-THreniP) 


(2.3) 


by functional integrations, where 


Ee = -g^ 


'|fc|>A 


2uj{k) 


(3{k)dk 


(2.4) 
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denotes the renormalization term and the propagator f5 is given by 


m 


1 

u{k) + \k\^/2' 


(2.5) 


Notice that —oo as e 0. Our main theorem shows (2.3) for all P G M^. 

Theorem 2.1 (UV renormalization) Let P G Then there exists a self-adjoint 
operator Hy.en{P) such that 

s-lime-^(^^(^)-®^) = T > 0. (2.6) 


We carry out the proof by functional integration and obtain Eg, as the diagonal term 
of a pair interaction potential on the paths of a Brownian motion. 


2.2 Feynman-Kac type formula 

A Feynman-Kac type formula of (F, is constructed for E,G E ^ and 

P ElSf. Denote 

= {/ e yi{W‘)\! e LL(K"),w-‘'y e i"(K")} (2.7) 


endowed with the norm ||/||h_j.(R") = / \f{^)\^\A~^dx. Recall that a Euclidean 

held is a family of Gaussian random variables {0 e(F), P G Fr_i(M^)} on a probabil¬ 
ity space (Qe, ^e, /U-e), such that the map E i-G 0 e(-F) is linear, and their mean and 
covariance are given by 

E;,b[0e(F)] = 0 and E^g[0E(F)0E(G)] = ]^{E,G)h_pr^). 

See Appendix A for the detail. Let (i?t)tgR be the 3-dimensional Brownian motion 
on the hole real line on the Wiener space. Let E[- • ■ ] be the expectation with respect 
to the Wiener measure starting from zero. 

Lemma 2.2 (Feynman-Kac type formula) Let E,G E ^. Then it follows that 


^- 2 THs(p)q^ _ jg f JE jrpehP-Pfi^TQ 


£. 


( 2 . 8 ) 


where Pf = dr{—iVk) and Qe{x) = ye (a;)? and Ss{x) = 6{x — s) is 

the one-dimensional Dirac delta distribution with mass on s. 


Proof. See [Hir07] and Section A. 


□ 
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Corollary 2.3 (Positivity improving) Let P = 0. Then e is positivity im¬ 

proving. 


Proof. By Lemma 2.2 we have 
(F, = E 


(^j_^e-^PrB_Tp^^-<PPf^rSsme{-Bs)ds)j^^-iPrBTQ'^^ . ( 2 . 9 ) 


Since Jt and are positivity preserving, and J^Js = is positivity 

improving, we have (F, > 0 for F > 0 and G > 0. We can also deduce 

that (F, 7 ^ 0 in the same way as [Hir07]. Then (F, > 0 

follows and it implies the statement of the lemma. □ 


2.3 Convergence on Fock vacuum 

In order to prove Theorem 2.1 we need two ingredients: 


(1) convergence (2.6) on the Fock vacuum, 

( 2 ) uniform lower bound of H^{P) with respect to e. 


Let 1 = {1, 0, 0, • • • , } G be the Fock vacuum. In particular, for F = 11 = G, we 
can see the corollary below. 

Corollary 2.4 (Vacuum expectation) It follows that 


(l,e-2^^^(^)]l) =E 


giP.(BT-B-T)g4F 


( 2 . 10 ) 


where 


Sr = 


ds 


dtWe{Bt - Bs,t- s) 


J-T J-T 

is the pair interaction given by the pair potential x M —)■ M.- 

f — 

'\k\>\ 2ci;(fc) 


We{x,t) = 




( 2 . 11 ) 


( 2 . 12 ) 


Proof. This follows directly from Lemma 2.2. □ 

It can be seen that the pair potential We{Bt — Bs,t — s) is singular at the diagonal 
part t = s. We shall remove the diagonal part by using the Ito formula. We introduce 
the function 


Qeix,t) 



^—€\k\^ ^—ik-x—Lo{k)\t\ 

2u{k) 


(3{k)dk, 


£ > 0 , 


(2.13) 
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where /3(fc) is given by (2.5), and it is shown by the Ito formula that 
[ We{Bt- Bs,t- s)dt 


= Qe{Q,Q) - Qe{Bs - Bs,S - s) + j VQe{Bt - Bg.t - s) ■ dB. (2.14) 

J s 

Here ^^(0,0) can be regarded as the diagonal part of H4 and turns to be a renor¬ 
malization term, since ^£,(0, 0) —oo as £ —)■ 0. Let 

^r = >^s-4Tp,(0,0), £>0, 

which is represented as 


^ren _ gOD ^ 3 


rT / ^[s+t] \ 

J dsij Vge{Bt-Bs,t-s)dsj ■ dBt 


’-T 


Bgy [s -|- t] s'jds. 


(2,15) 


Here 0 < r < T is an arbitrary number, denotes the off-diagonal part which is 
given by 


S9^ = 2 


ds 


I-T 


p+r] 


We{Bt - Bg,t- s)dt 


and [t] = —T y t AT, and the integrand is given by 


Vp,(x,t) = 


'|fc|>A 


2u{k) 


I3{k)dk. 


Proposition 2.5 (1) It holds that 


limE 

e 4,0 


2 2 
g cren 9 cren 

g 2 _ g 2 *^0 


= 0 . 


(2) There exists a constant c > 0 such that for all e > 0, 


E 


2 

9 _cren 

6 2 ‘^e 


< e 


Tc 


Here 


= 2 


ds 


l-T 


' -T 


(2.16) 


(2.17) 


VQo{Bt — Bg,t — s)ds] ■ dBt — 2 / qq{Bt — Bg,T — s)ds. 


\-T 


Proof. This can be proven by a minor modihcation of [GHL13, Section 2]. □ 

From this proposition we can derive the lemma below immediately. 

Lemma 2.6 It follows that 

lim(]l,e"^^(^"(^)+®"^"(°’°))ll) = E _ (-2.18) 

£4-0 
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2.4 Existence of ground states for P = 0 

We shall show a uniform lower bound of H^{P) + 0) with respect to e > 0, 

and give the proof of Theorem 2.1. Let Ei;{P) = inf a{H^{P)). 

Corollary 2.7 (Diamagnetic inequality) Let £ > 0. Then T'e(O) < E^{P) follows 
for every P G 

Proof. By functional integral representation (2.8) it follows that 


This yields the inequality p£(0) < E^{P). 

Intuitively 

<^g = e — 

is a sequence converging to a ground state. Let 7 (T) = (11, iflY 


.T _ „-rae( 0 )]j/||p-TR 70 )- 


7(r) = 


(]l^e-TH,(0)]l)2 

(]l,e-2^^do)]i)- 


□ 


(2.19) 


The useful lemma concerning the existence and absence of ground states is the 
lemma below. 


Lemma 2.8 There exists a ground state of H^{0) if and only if lim 7 (T) > 0. 

T—>-oo 

Proof. This proof is taken from [LMS02]. Suppose that infcr(P£(0)) = 0 and 
set ^im 7 (T) = a. Suppose that a = 0 and the ground state (pg exists. Then 

limr-j-oo= ]l{o}(Pe(0)). Since yjg > 0 by the fact that e“^^ho) jg positivity 
improving, it follows that a = (11, (^g) > 0. It contradicts a > 0. Thus the ground 
state does not exist. Next suppose a > 0. Then ■\/ 7 (T) > e for sufficiently large T. 
Let dE be the spectral measure of ^^(0). Thus we have 




e-^^dE ^ e-^^dE + /“ e-'^'^dE 
(j-g- 2Tn^^)i/2 ^ {J^e-^T^dEyP 


Then we can derive that 

(/g e- 2 ^“dP)V 2 {J^e-^En-s)dEyP 


Take T —)■ oo on both sides above, we have ^/e < P([0, 5])^/^. Thus taking <5 0, we 

have ^/e < P({0})^/^. Thus the ground state exists. □ 

Using the lemma above we can show the existence of the ground state of H^{0). 
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Lemma 2.9 For all e > 0, -^^(O) has the ground state and it is unique. 


Proof. The uniqueness follows from the fact that is positivity improving. 

It remains to show the existence of ground state, which is proven by using Lemma 
2.8. By the Feynman-Kac type formula we have 


7(r) = 


(e[, 




/-T/-T 


By the reflection symmetry of the Brownian motion we see that 


7(T) = 


E[e 


^ f-T 


and also the Markov property yields that 


7(T) = 


E[e V So So <isWe + ^ f°T dt f°j. dsWej 


E[e 




Then we obtain that 


7(r) = 


f-rdif-Td^'^e-g'^ J_j.dtJg Wej 


E[e' 


X f-T d^ f-T d^^e] 


Notice that 


r-O rT 


3-e|fc|2 


dt / dsW, < / Il|fc|>A^TTj (1 - dk < / ]1|,|>,——dfc. 


J -T Jo 
Hence we conclude that 


^ooikr^ ^ -U'^'^uiky 


7 (T) > exp -g‘^ / l\k\>x—^dk > 0 


0i}{ky 


for all T > 0. Then the lemma follows. 


( 2 . 20 ) 

□ 


2.5 Uniform lower bounds and the proof of main theorem 

In this section we show a uniform lower bound of the bottom of the spectrum of 
hfe(P) + g^QeiO, 0) with respect to £ > 0. Thanks to the diamagnetic inequality, the 
estimate of the uniform lower bound for any P can be reduced to that of P = 0. 
We note that the diamagnetic inequality P(0) < P(P) can be derived through a 
functional integration in Corollary 2.7. 









Lemma 2.10 There exists C* G M such that H^{P) — > —C, uniformly 

in e > 0. 

Proof. Let Lpg be the ground state of Since is positivity improving, 

we see that ( 1 , (pg) 7 ^ 0 and then 

^^(0) -/p£(0,0) = - lim > -C 

T^oo T 

by Proposition 2.5, where C is independent of e > 0. By the diamagnetic inequality 
-E’e(O) < Ee{P) we then derive that 

E,{P)-g^gM0)>-C. 

Then the lemma follows. □ 

Now we extend the result from Fock vacuum 11 to more general vectors of the 
form F(0(/i),..., 0(/„)), with E G where 0(/) stands for a scalar held 

given by 

0 (/) = ;^(a*(/7v^) + a(/7\/w)). 

Consider the snbspace 

^ = {F(0(/i), ..., Hfn))\E G /, G i/-i/2(K7, J = 1, n,n>l}, 

which is dense in 

Lemma 2.11 (1) Let pj G for j = 1,2, and a,/? G C. Then 

lim(e“'^^^^^ g-2'r(Re(R)+3^&(o,o))g/3<7i(p2)'j _ jg 
£4.0 ^ ’ 

where 




( 2 , 21 ) 


(, = (,(9) = + /?4lP2/\/((’lt + 2a/?(pi/\/w,e 

Plag r ds [ 

J-T 7 r 3 oj[k) 

+ 2f3g r ds f 

J-T Jr^ y ^\k) 


(2) Let $ = F(0(mi), ..., (fiujf)) and T = G(0(ni),..., (f>{vm)) G Then 


hm(<h 

£4.0 


= ( 2 ir) 


— (n+m)/2 


[ dKidK2F{Ki)G{K2)E 

giP-(BT-B-T)g4'55™ + i«(^l,^2) 


(2 
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where 


e(Ki, K^) = -\\Ki- u/y/^f -\\K2- - 2(J^1 ■ m/v^, e-‘^^^K2 ■ v/y/^) 

- 2,g r ds [ 

J-T Jm? \/oj[k) 

+ 2ig r ds [ 

J-T 7r3 y/uj{k) 

and u = (mi, ...,«„), v = (ui, ...,Vm)- 

Proof. (1) follows from Lemma 2.2. (2) follows from 

$ = F(0(mi), ..., 0K)) = (27r)-"/2 [ F{ki, ■■■ , kn)e^^U ... dk^ 

7k" 

and Lemma 2.6. □ 

Now we can complete the proof of the main theorem. 

Proof of Theorem 2.1. Let F,G e and C,{F,G) = (F, By 

Lemma 2.2 we obtain that Gs{F,G) is convergent as e J, 0, for every F,G E Si. 
Since S is dense in SP., by the uniform bound \\e~hiie{P)+g fe(o,o))|| ^ ^tc obtained 
by Lemma 2.10 we can see that {Ge{F, G)}^ converges also for all F,G E Sf by a 
simple approximation. Let Go(F, G) = linie^o C'e (-^5 G)- Hence 

\Go{F,G)\<e^^\\F\\\\Gl 

and there exists a bounded operator Tt such that 

Go{F,G) = {F,TtG), F,GESf 

by the Riesz theorem. Thus s —hm£j,o = Tt follows. Furthermore, 

we also see that 

£ 4,0 £ 4-0 

Since the left-hand side above is TfTg, the semigroup property of Tt follows. Since 
^-t{He{P)+g £is(o,o)) jg ^ symmetric semigroup, Tt is also symmetric. Moreover by the 
functional integral representation (2.22) the functional {F,TtG) is continuous at 
t = 0 for every F,G E S. Since S is dense in and ||Ti|| is uniformly bounded, 
it also follows that Tt is strongly continuous at t = 0. Then Tt, t > 0, is strongly 
continuous one-parameter symmetric semigroup. Thus the semigroup version of 
Stone’s theorem [LHBll, Proposition 3.26] implies that there exists a self-adjoint 
operator i/ren(P), bounded from below, such that 

Tt = t > 0. 

Hence the proof is completed by setting = —5'^Pe(0, 0). □ 

Let Eren(P) = mf a{H,en{P))- 
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Corollary 2.12 (Diamagnetic inequality) It holds that i?i.en(0) < -E'ren(-P)- 

Proof. From inequality |(F, < (|F|, |G|) it follows 

that |(F, < (|F|, |G|). Then the corollary follows. □ 


3 Existence of renormalized ground state for d = 2 


Let us suppose 


d = 2. 


In the case of h = 2 we can procedure the renormalization similar to the case of 
d = 3. The renormalization is however not needed in the case of d = 2, since 
^(.(O, 0) converges to the hnite number po(0, 0) as e ^ 0. One important conclusion 
of Theorem 2.1 is the existence of a ground state of iLren(O) for d = 2. 


Lemma 3.1 It follows that 

-^—THren 


7(^) = > exp ( -g 


( 1 , 11 ) 

Proof. By (2.20) we have 


7(r) = s exp -g 


i|fc|>A 


u{ky 


dk ] > 0 


(3.1) 




i|fc|>A 


g-£|fc|2 

u{ky 


-dk > 0. 


Take the limit of T —)■ cx) on both sides we can derive (3.1). 


□ 


Theorem 3.2 (Existence of the ground state) For arbitrary values of g, iLren(O) 
has a ground state <pren such that (11, (pren) 7^ 0. 


Proof. By Lemma 3.1 we have 


, ( 11 , 6 “'^^™®!)^ I 2 

lim - 7 ^^-—TTTTrr > exp —g 


T^co (H, 11) 

On the other hand we see that 

( 11 , 


lim ^ , 

T^oo (11, e 




(3,2) 


-2THr. 


ho)]i) 




where Pg denotes the projection to the subspace Ker(iLren — inf (j(iLren))- By (3.2) 
we derive that UPglp > 0, which implies idren has a ground state cpren such that 
(il, V^ren) 7^ 0. □ 
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4 Polaron model 

We introduce the polaron model in this section. The polaron model is similar to 
H^{P), and the UV renormalization can be seen in a similar manner to the Nelson 
model. The polaron Hamiltonian is dehned by 

HP°\P) = ^{P - + N + g(l>, PeM^ (4.1) 

where N denotes the number operator and 

^ ^ ^ + a(^/^)) • 

Note that the test function is g/uj which is different from the test function g/y/u 
of the Nelson Hamiltonian. We discuss UV renormalization of the polaron model. 
The discussion is however easier than that of the Nelson model. Let g{k) = 
and HP°^{P) with g{k) = is denoted by Hp°^{P). The vacuum expectation 

of is given by 




e^P-Br^^SV 


(4.2) 


where 


^p°i= f ds [ dtWP°\Bt-Bs,t-s) 

Jo Jo 


(4.3) 


is the pair interaction for the polaron model and the pair potential is given by 


WP°\x,t) = 


We can see that 


Let 


27r 


e\k\^^-ik-x^-\t\dk. 


(4.4) 


WP°\x,t) = — I e 

1^1 J\\x\ Bi 




w!r\x,t) = 


'|fc|>A 


2oj{kY 


e-ik.xe-\t\dk 


and we see that WP°'(a:,t) —)■ WQ°^{x,t) for each (x,f) as e 0. Then it holds that 

= 0. (4.5) 


limE 

eiO 


g_ (-rpul g_ qp 

g 2 — g 2 *^0 


From this we can prove the lemma below immediately. Note that any renormaliza¬ 
tion is not needed. 
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Lemma 4.1 It follows that 


lim(]l, e 

£4-0 


-THr\p)^n _ 


]1) = E 


9 cPol 


jP.Bt 


(4.6) 


Hence the theorem below is proven in the same way as the Nelson model. 


Theorem 4.2 (UV renormalization) Let P G Then there exists a self-adjoint 
operator Pq°*(P) such that 


s-hm T > 0. 

£4-0 

Corollary 4.3 (Removal of infrared cutoff) It follows that 


lim(]l,e-^^o°'('^)]l)=E 

A^O 




(4.7) 


(4.8) 


Proof. It can be seen that 

ws°\xU) = 

with some constant 5, and 




'|fc|>A 


2u{k) 


\x\ 


\im W^°\x,t) = 

A^O u \ / I 


for each x. It can be also checked that E 


is finite in the lemma 


below. Then the Lebesgue dominated convergence theorem yields the corollary. □ 
n 2 lll fT ,, fT. 


Lemma 4.4 E 


r,9^ 2 fo '^®|St-Ssl 


is finite. 


Proof. We separate [0,T] x [0,T] into two regions as 


pT pT pT pT pT pt 

/ dt ds= dt ds-\- dt ds. 

'0 Jo Jo Jt Jo Jo 


By the Schwarz inequality we have 


E 


2 TT^ pT 7. rT J 

o9 2 fo fo \Bt-Bs\ 


< E 


= E 




^2g^4ffdtffds^^ 


1/2 


1/2 


E 


E 


|t-s| 




^2g^4ffdsffdt^^ 


1/2 


1/2 


(4.9) 
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We estimate both sides of (4.9). By Jensen’s ineqnality we have 


E 


T cT j_ 


So dtft dsfg^ 


^ I T® 


^ rT J.m 


ft dtTjj, -5-r 

(f 2 Jt \Bt-Bs\ 


We estimate E 


St ^bI-bI\ 


. Let {^t)t>o be the natural hltration of the Brow¬ 


nian motion (i?i)t>o. We can see that 


E 


St "b!-b1\ 


= E 


E 




E 







_ 

JR3 

_ 




g^^y^dsT 


e-|t-^l 

\Bg-t-V\ 


Since the potential V{x) = |x| ^ is a Kato class potential, we have 


sup E*' 
y 


g 27 r 2 dsT 


\Ba-t-v\ 


< e' 


a{T-t) 


with some a. Hence E 


2 2 rT J, rT J 

So '^^ \Bt-Bg\ 


E 


T .. rT 


yn^So dsf^ dtfg^ 


< oo. Similarly it can be shown that 
< cxo and hence (4.9) is hnite. □ 


A Schrodinger representation and Euclidean field 

In this section Hilbert spaces and iL_i(M^) are given by (2.7). It is well 

known that the boson Fock space y is unitarily equivalent to y{Q,fi), where this 
space consists of square integrable functions on a probability space {Q, S,p). Con¬ 
sider the family of Gaussian random variables {4>{f),f € i7_i/2(M^)} on 
such that 4>{f) is linear in / G i7_i/2(M^), and their mean and covariance are given 
by 

E/.[0(/)] = 0 and E^[0(/)0(c/)] = ^(/, c/)h_i/2(e3). 

Given this space, the Fock vacuum 11^ is unitary equivalent to ]1 l2(q) g L^(Q), 
and the scalar held 0(/) is unitary equivalent to 0(/) as operators, i.e., 0(/) is 
regarded as multiplication by 0(/). Then the linear hull of the vectors given by the 
Wick products : YYj=i4>{fj) ■ is dense in y{Q), where recall that Wick product is 
recursively dehned by 

: </>(/) : = m 

n n ^ n n 

■ ■ = Hf) ■ Y[<p{fj) ■ “2 : Y[yfj) : 

j=l j=l i=l j^i 
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This allows to identify ^ and L'^{Q), which we have done in (2.8), i.e., F e can be 
regarded as a function 3 x ^ F{x) G LP'iQ) such that Jggjv ||F(x)||^ 2 (Q)da; < oo. 

To construct a Feynman-Kac type formula we use a Euclidean field. Consider 
the family of Gaussian random variables {(/)e(E),F G with mean and 

covariance 

= 0 and [0 e(-E)0e(G)] = -{F,G)h_^{w^) 

on a chosen probability space (Qe, Note that for / G H_i/ 2 (M.^) the rela¬ 
tions (g) / G and ||(5t (g) /||i^_i(]R4) = ||/||i^_j/2(R3) hold, where 5t{x) = 

6{x — t) is Dirac delta distribution with mass on t. The family of identities used in 
(2.8) is then given by J* : L?‘{Q) ^ f G M, defined by the relations 


and 

m m 

i=i i=i 

Under the identihcation ^ = L‘^{Q) it follows that 

(UF,J,G')^ = (F,e-l*-^l^fG)^ 


for F,Ge^. 


B The Nelson model 


The Nelson Hamiltonian if is a self-adjoint operator acting in the Hilbert space 

r® 

^ ^ = / ^dx, 


which is given by 


1 r® 

H = {—A-I-U) ® 11-I-11 (g) iff-I-(yf / (j){x)dx, (B.l) 

2 JR3 

where the interaction is defined by 

(p{x) = ^ . 

if is self-adjoint on D{Hp) nD(fff). A point charge limit of ff, g{k) -3 1, is studied 
in [Nel64a, Nel64b] and recently in [GHPS12, GHL13]. It is also shown in [HHS05] 
that a point charge limit of if has a ground state. 
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We see the relationship between H and H{P). The total momentnm is 

dehned by Ptot./x = $§ 11 + 11 $§ /i = 1,2, 3. Let V = 0 in H. Then H 

becomes a translation invariant operator, which implies that 


[H, Ptot,/i] — 0, p — 1, 2, 3. 


Thus H can be decomposed with respect to the spectrum of total momentum 
and it is known that 



(B.2) 
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